The quasiparticle local density of states ͑LDOS͒ is studied in clean normal-metal-superconductor ͑NS͒ and superconductor-normal-metal-superconductor ͑SNS͒ junctions with increasing transverse size, from quasione-dimensional to three-dimensional. It is shown that finite transverse dimensions are related to pronounced effects in the LDOS, such as fast oscillations superimposed on the quasiparticle interference oscillations ͑for NS͒ and additional peaks in the bound state spectrum in the subgap region ͑for SNS͒. Also, the validity of the Andreev approximation is discussed. It turns out to be an acceptable approximation in all situations tested.
I. INTRODUCTION
In 1964 Andreev described a new kind of reflection process by which electrons incident on a normal-metalsuperconductor ͑NS͒ interface are reflected as holes, and vice versa. 1 This process, now known as Andreev reflection, led shortly after its discovery to both theoretical and experimental work on tunneling transport and the related local density of states ͑LDOS͒ in small superconducting structures involving at least one NS interface. The dimensions of the samples perpendicular to the current flow were essentially macroscopic and the corresponding theories 2, 3 were three dimensional ͑3D͒.
Miniaturization of devices led to the development of mesoscopic physics. 4 The initial model approaches in that new field were one dimensional ͑1D͒. Attention was focused on an obviously nonequilibrium property, the conductance, and guided by Landauer's early result for it. 5, 6 Finite transverse dimensions were considered by counting the number of transverse modes. The extension of Landauer's formula to the NS system was given by Lambert. 7 In these studies only the total density of states of 1D systems enters, being inversely proportional to the velocity. In calculating the Josephson current in superconductor-normal-metalsuperconductor ͑SNS͒ junctions Beenakker 8 applied a more advanced expression for the total density of states given by Akkermans et al. 9 As far as the LDOS is concerned, even recent studies [10] [11] [12] are 3D as yet. In this paper we calculate the LDOS of NS and SNS junctions with finite transverse dimensions, by this considering effectively 1D systems and all possibilities between 1D and 3D. A Green function approach 13, 14 is used, inspired by Ishii 15 and Tanaka and Tsukada.
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In case of the NS junction, we first investigate the LDOS in the quasi-1D limit of this junction. ''Quasi-1D'' means in the limit of transverse system size going to zero. The LDOS is shown to exhibit oscillations as a function of both energy E and distance from the interface. This result reproduces previously observed and analyzed oscillations in tunneling experiments. 16, 17 We then increase the transverse dimensions and find the appearance of additional oscillations. In progressively refined applications of scanning tunneling microscopy 18 these oscillatory effects in the LDOS might well become detectable in the near future. In the case of infinite transverse dimensions the additional oscillations disappear again.
In the SNS junction, we study the LDOS in the normal region for energies below the superconducting gap, and find in the quasi-1D junction one bound state. With increasing transverse system size, the number of bound states increases.
A point of discussion in our analysis is the role of the Andreev approximation, which is demonstrated to be a good approximation for both the NS and the SNS junctions. Its effect becomes noticeable for large transverse dimensions only.
In Sec. II we give a brief outline of the theory and the model used. The LDOS in NS and SNS junctions is discussed in Secs. III and IV, followed by some conclusions in Sec. V.
II. THEORY
The Green function method used in this paper is described in Ref. 13 , and will be published in a forthcoming publication. 14 We refer the reader to these papers for an extensive description of it, and here only summarize the aspects which are of direct importance for the calculation of the local density of states.
The Green function describes the various ways of propagation from one point in space r to another one rЈ. Here we study clean metallic systems consisting of a few layers, in which scattering only takes place at the interfaces between the layers. In the presence of an interface, the total Green function G(r,rЈ) usually consists of two terms: one bulk term, accounting for propagation in the material without any influence from the interface, and a scattering contribution from interaction with the interface. We use the expressions for the homogeneous bulk superconductor as given by Ishii 15 and follow Koperdraad et al. 13, 14 in determining the scattering matrix elements for two simple systems: a planar NS junction with only one interface, and a SNS junction containing two interfaces.
The central quantity of this paper, the local quasiparticle density of states in 3D inhomogeneous superconducting structures, is calculated from the matrix Green function corresponding to the Bogoliubov equations for quasiparticle states. 19 This Green function is the solution of the following matrix equation:
where n ϭ(2nϩ1)k B T are the Matsubara frequencies, K is the free particle Hamiltonian minus the chemical potential , in atomic units (បϭ2mϭ1͒ given by 
Here ⌬(x) denotes the superconducting pair potential, which is zero in the normal part of the system. We apply the above sketched formalism to systems which are infinitely long in the x direction, but of finite length L y and L z in the transverse y and z directions, for example to a NS junction with a square transverse cross section L y L z as drawn in Fig. 1 . Contrary to the translationally invariant situation treated usually, 11, 13 in which G(r,rЈ) depends on the differences yϪyЈ and zϪzЈ only, in the present case the dependence on y, z and the primed coordinates is not reduced to differences. This means that variations in the LDOS in the transverse directions survive after taking yЈϭy and zЈϭz, the latter substitutions being required in calculating the LDOS. However, such dependence cannot be measured and further it depends on the precise preparation of the boundaries. Therefore it is sufficient to take the average over the transverse directions. This can be done as follows. First, the boundary conditions are chosen such that the Green function vanishes at the boundaries in both transverse directions. Only the functions contribute that are proportional to sin(k y y) and sin(k z z), with k y ϭn y /L y and k z ϭn z /L z , n y and n z being non-negative integers. The expansion of the full Green function in terms of these functions has expansion coefficients G(x,xЈ,k y ,k y Ј,k z ,k z Ј). Subsequently, one puts yЈϭy and zЈϭz in this expansion and averages it over the wire's cross section. In this way, only terms with k y Јϭk y and k z Јϭk z survive, the corresponding expansion coefficients of which are denoted by G(x,xЈ,k y ,k z ,i n ). The variable i n is added because the Green function is still a solution of Eq. ͑1͒. Finally one manipulates Eq. ͑1͒ according to the expansion and averaging procedure indicated above and one finds that it reduces to
Using properly normalized functions in the complete sets in the y and z directions, it is found that the quasiparticle LDOS ͑Ref. 13͒ reduces to
͑4͒
G 11 is the upper left matrix element of G(x,xЈ,k y ,k z ,i n ) with xϭxЈ, and the standard replacement of i n by Eϩi␦ has been applied. 11 Im G 11 denotes the imaginary part of G 11 and E is the quasiparticle energy measured with respect to the Fermi energy . Equation ͑4͒ forms the basis of all our present calculations.
A well-known and often applied approximation in calculations concerning inhomogeneous superconducting structures is the so-called Andreev approximation ͑AA͒. It was first introduced by Andreev 1 and can be stated in several ways. Perhaps the simplest is to say that in AA normal reflections due to mismatch of wave vectors at the normal and superconducting sides of a NS interface are neglected. Mathematically, it means that we make a series expansion of the electron and hole wave vectors, and only take into account terms up to first order in E/ and ⌬/. If the wave vector appears as a prefactor, it is approximated even further and taken to be the Fermi wave vector. In 1D systems, where one is often interested in energies E deviating very little from the large Fermi energy, this is regarded as a good approximation. In our 3D systems, with an effective chemical potential k F x 2 ϭϪk y 2 Ϫk z 2 application of the AA relies on the assumption that E,⌬Ӷk F x 2 . It is however not a priori clear whether this assumption is valid for all k y and k z ; especially for large transverse dimensions L y and L z , when , as given by Eq. ͑4͒, is a sum over many wave vectors k y , k z , there are terms for which k F x 2 is of the same order of magnitude as E and ⌬.
III. THE NS JUNCTION
We consider a normal-metal to superconductor junction as in Fig. 1 . From now onwards, in the actual calculations the transverse dimensions are taken equal, so L y ϭL z ϵL t . In principle, the pair potential ⌬ has to be determined self-consistently, 12 but as a first approximation we take it to be zero in the normal region and constant in the superconductor. So the proximity effect is not included. The chemical potentials of the normal metal and superconductor are denoted by N and S respectively. 
where ␣ϵxͱE 2 Ϫ⌬ 2 /ͱ S . This is the solid line in Fig. 4 . It is easy to verify that lim x→ϱ S ϱ (E)ϭEͱ S / (2) 2 ͱE 2 Ϫ⌬ 2 , representing the LDOS in a 3D bulk superconductor.
In this regime of 3D NS junctions it is interesting to ask what the role of the AA is. As discussed in Sec. II, one would expect this approximation to become worse as the number of transverse modes increases. For the quasi-1D system the difference between values of S with or without AA is typically ϳ10 Ϫ3 %. For systems with small L t (L t ϳ100) it becomes ϳ0.1% and for large systems at most ϳ1%. This is a factor 10 3 larger than in the 1D case, although still not visible on the scale of Fig. 4 . We are led to conclude that electrons with large transverse wavenumbers k y and k z , thus with an angle of incidence deviating considerably from perpendicular to the interface, do not contribute much to the LDOS. By using the AA, the value of the LDOS in N reduces and the size-effect fluctuations disappear, whereas in the superconductor they are both enhanced. This can be understood by noticing that in AA the normal reflections due to mismatch of wavevectors are neglected. On the normalmetal side of a NS junction with N ϭ S , the Friedel oscillations, which are caused by normal reflections, are thus suppressed in AA, so that N equals N, bulk . On the other hand, the oscillations in the LDOS in the superconductor, which are induced by Andreev reflection, are enhanced in AA, due to increased quasiparticle transmission. However, since the amount of normal reflection is very small if there is no potential barrier at the interface, the enhancement of S is also very small.
If there is a potential barrier at the interface, then the dominant normal reflection mechanism is of course not the mismatch of wave vectors in N and S, but the presence of the barrier. In that case we would expect that application of the AA, even for large L t , does not lead to significant changes in the value of the LDOS, at most ϳ10 Ϫ3 %.
IV. THE BOUND STATE SPECTRUM OF A SNS JUNCTION
We study a SNS junction as shown in Fig. 5 with the length L of the normal region on the order of the superconducting coherence length 0 . The junction has again cross section L t 2 . The magnitude of the pair potential in both superconductors is taken equal, but there is a difference in phase ␦ϵ R Ϫ L . For a review of this type of weak links, we refer to Likharev. The above Josephson junction is considered with N ϭ S ϵ and first in AA. So both interfaces are perfect, and there is full Andreev reflection of all quasiparticles with EϽ⌬.
In Fig. 6 the LDOS in the normal region is plotted vs E/⌬, for various phase differences ␦ and in the quasi-1D
limit. The continuous spectra for EϾ⌬, which are proportional to (ϩE) Ϫ1/2 in the one-dimensional case, are not shown. Bound states appear at energies satisfying the relation of Kulik, 22 which was later also derived by other authors 23, 20 for a 1D SNS junction in AA:
In our formalism, 13 Eq. ͑6͒ defines the poles of the scattering matrix elements in the matrix Green function; it can be understood in the following simple way.
An electron travelling from xϭ0 to xϭL acquires the phase k e LϪ R Ϫarccos͑E/⌬ ͒.
The first term is the phase accumulated during propagation through the normal metal; the second one is the phase shift acquired upon Andreev reflection into a hole and is equal to the phase of the pair potential in the superconductor on the right, and the third term stems from evanescently entering of the wave function into this superconductor. 24 Similarly, the back travelling hole acquires the phase
For constructive interference, the total phase acquired on one roundtrip should be an integer multiple of 2, so
In AA, so up to terms of first order in E/ͱ in the expansion of k e and k h , this is the same relation as Eq. ͑6͒. Upon increasing L t one obtains a picture like Fig. 7 , which is for L t ϭ 8, corresponding to two transverse modes.
In addition to the 1D bound state, additional peaks appear due to the finite transverse dimensions. The width of the peaks in the figure is determined by the small imaginary part ␦ in the energy Eϩi␦. The actual bound state energy is found for ␦→0. The number of peaks is equal to the number of different combinations of transverse modes in the y and z directions. For L t ϭ8, the three peaks, from right to left, correspond to the modes with (n y ,n z ) equal to ͑0,0͒ ͑the 1D bound state͒, ͑1,0͒ or ͑0,1͒ ͑the bound state which corresponds to one mode in either the y or z direction͒ and ͑1,1͒ ͑the bound state corresponding to one mode in both the y and z direction͒. The inset of Fig. 7 shows that for large L t the discrete peaks due to the finite transverse size of the junction disappear. In the limit L t →ϱ, one indeed expects a band. 3 All the above was done in AA. Releasing this approximation yields a bound state spectrum with a slight shift of the peaks, as compared to the same calculation in AA. Even for large junctions, this shift is Ͻ10 Ϫ2 % towards lower energies and we thus conclude that the AA is good.
V. CONCLUSIONS
In conclusion, we have calculated the LDOS in clean mesoscopic superconducting NS and SNS structures with finite transverse dimensions. Going from quasi-1D to 3D systems by increasing the transverse dimensions has pronounced effects on the LDOS in both types of junctions; in NS junctions additional oscillations are superimposed on the usual slow Friedel-like oscillations due to quasiparticle interference. In SNS junctions, we found additional peaks appearing in the bound state spectrum as a function of the transverse system size.
Besides, we have tested the influence of applying the Andreev approximation, by performing all calculations of the LDOS both with and without AA. It turns out, that both in the case of a single NS interface and in the case of a SNS junction the AA does not have a large effect on the LDOS, although the AA-induced error grows by a factor of 10 3 upon going from quasi-1D to 3D systems. It produces a small correction to the value of the LDOS.
Finally it is worth noting that the Green function method used is not limited to either studies of the LDOS or to the mesoscopic junctions considered here; it can also be used to study, e.g., supercurrents and quasiparticle currents, and it can be applied to much larger systems, such as superconducting superlattices. The latter systems were up to now studied only 11 in the Andreev approximation.
